This paper focuses on the study of topological features in teleportation-based quantum computation as well as aims at presenting a detailed review on teleportaiton-based quantum computation (Gottesman and Chuang, Nature 402, 390, 1999). In the extended Temperley-Lieb diagrammatical approach, we clearly show that such topological features bring about the fault-tolerant construction of both universal quantum gates and four-partite entangled states more intuitive and simpler. Furthermore, we describe the Yang-Baxter gate by its extended Temperley-Lieb configuration, and then study teleportation-based quantum circuit models using the Yang-Baxter gate. Moreover, we discuss the relationship between the extended Temperley-Lieb diagrammatical approach and the Yang-Baxter gate approach. With these research results, we propose a worthwhile subject, the extended Temperley-Lieb diagrammatical approach, for physicists in quantum information and quantum computation.
Introduction
Quantum information and computation [1, 2] is an interdisciplinary research field of applying fundamental principles of quantum mechanics to information science and computer science. It represents a further development of quantum mechanics, and indeed helps us to achieve deeper understandings on quantum physics. Quantum entanglement [3, 4] as a fundamental concept of distinguishing classical physics from quantum physics has become a widely exploited resource in quantum information and computation. It has been experimentally verified that, under the assistance of quantum entanglement, an unknown qubit can be transmitted from Alice to Bob without any non-local physical interaction between them, using the quantum information protocol called quantum teleportation [5, 6, 7, 8] . Hence both quantum entanglement and quantum teleportation oblige quantum physicists to think about the relationship between Einstein's locality and quantum non-locality [3, 4] .
Fault-tolerant quantum computation [1, 2] is required in practice to overcome decoherence, and teleportation-based quantum computation [9, 10, 11, 12, 13 ] is a powerful approach to faulttolerant quantum computation in which universal quantum gate set is protected from noise using the teleportation protocol. Besides this, teleportation-based quantum computation is an example of measurement-based quantum computation which exploits quantum measurement as the main computing resource to determine which quantum gate is to be performed. In quantum mechanics, quantum measurement breaks quantum coherence and is usually performed at the end of an experiment, so measurement-based quantum computation essentially changes our conventional viewpoint on quantum measurement and also on the standard quantum circuit model [10] in which a coherent unitary dynamics is mainly involved.
As the title of this paper claims, we apply the extended Temperley-Lieb diagrammatical approach and the Yang-Baxter gate approach to the reformulation of teleportation-based quantum computation. The Temperley-Lieb algebra [14] is a well known concept in both statistical mechanics and low dimensional topology [15] , and the Yang-Baxter equation [16] arises in exactly solving both some 1 + 1-dimensional quantum many-body systems and vertex models in statistics physics. The fact [15] that a type of solutions of the Yang-Baxter equation can be constructed using the Temperley-Lieb algebra motivates the authors to explore teleportation-based quantum computation using the two related approaches.
The extended Temperley-Lieb diagrammatical approach [17, 18] is an extension of the standard diagrammatical representation of the Temperley-Lieb algebra, and with it, a quantum information protocol involving bipartite maximally entangled states, such as quantum teleportation, has a very nice topological diagrammatical interpretation. The Yang-Baxter gates are nontrivial unitary solutions of the Yang-Baxter equation, and the Yang-Baxter gate approach [19, 20, 21] to quantum information and computation is an algebraic method originally motivated by the observation that topological entanglements (like braiding configurations [15] ) and quantum entanglements may have a kind of connection. Therefore, our research is expected to be interesting for physicists in quantum information and computation, which shows that teleportation-based quantum computation admits both topological and algebraic descriptions besides its standard description in quantum circuit model [9, 10, 11] .
As we have introduced, we are going to go directly into at least three different research subjects in this paper, including quantum information and computation, the Temperley-Lieb algebra and the Yang-Baxter equation. The guiding principle of this kind of interdisciplinary research is that we want to explore the nature of quantum entanglement (quantum non-locality [3, 4] ). As a matter of fact, nowadays, nobody is able to state that the nature of quantum entanglement has been fully understood [1, 2] . In accordance with [22] , we study the nature of quantum entanglement by setting up a link between quantum entanglement (quantum non-locality ) and topological entanglement (topological non-locality [15] ).
Topological entanglement in the paper is represented by the extended Temperley-Lieb diagrammatical configuration or the Yang-Baxter gate configuration (the braiding configuration), while quantum entanglement is represented by bipartite maximally entangled two-qubit pure states, i.e., the Bell states [1, 2] . In the extended Temperley-Lieb diagrammatical approach [17, 18] , both the Bell states and Bell measurements have the Temperley-Lieb diagrammatical configurations on which quantum gates are allowed to move from this qubit to that qubit. In the Yang-Baxter gate approach [19, 20, 21] , the algebraic formulation of teleportation-based quantum computation admits the braiding configuration on which quantum gates are permitted to move. Especially, the relationship between such the two approaches will be clarified in this paper.
The complete scheme of teleportation-based quantum computation was proposed by Gottesman and Chuang [9] in a very brief style, so it is necessary firstly to make a detailed review on teleportation-based quantum computation, topics including quantum teleportation, the faulttolerant construction of universal quantum gate set and the fault-tolerant preparation of four-qubit entangled states. Then we present a topological diagrammatical description of such the reviewed topics in the extended Temperley-Lieb diagrammatical approach. Afterwards, we concentrate on the Yang-Baxter gates which are the Bell transform, a unitary basis transformation from the product basis to the Bell states, and with the help of our previous research on teleportationbased quantum computation using the Bell transform [13] , we go into the algebraic description of teleportation-based quantum computation in terms of the Yang-Baxter gate. Finally, in view of the extended Temperley-Lieb diagrammatical representation of the Yang-Baxter gate, we set up a transparent link between the extended Temperley-Lieb diagrammatical approach and the Yang-Baxter gate approach.
Our study in this paper is meaningful and useful in the following sense. First, as we have emphasized, we try to dig out the nature of quantum non-locality from the viewpoint of topological non-locality. Second, the topological features in teleportation-based quantum computation make the fault-tolerant construction of both universal quantum gate set and four-qubit entangled states more intuitive and simpler. Third, we develop the concept of teleportation operator [13] in the Yang-Baxter gate approach to catch the intrinsic characteristic of quantum teleportation, which is capable of including the algebraic formulations of all possible teleportaiton processes. Fourth, the methodologies underlying our research are expected to be applied to other subjects in quantum information and computation, see Section 7 for concluding remarks on further research. Fifth, our research is expected to shed a light on further research in mathematical physics, see Appendix A.
It is obvious that what we have done in this paper is an interdisciplinary research among quantum information and computation, the low-dimensional topology and mathematical physics such as the Yang-Baxter equation. But we aim at introducing both the Temperley-Lieb algebra and the Yang-Baxter equation to physicists in quantum information and computation, in other words, readers can go through the entire paper without the preliminary knowledge on concepts in mathematical physics. All the results about both the Temperley-Lieb algebra and the YangBaxter equation are collected in Appendix A. Furthermore, for experts in mathematical physics, Appendix A.6 indeed presents a list of open problems for further research which are based on our reformulation of teleportation-based quantum computation. This paper is organized as follows. Section 2 is a review on teleportation-based quantum computation [9] . Section 3 focuses on the topological diagrammatical description of teleportationbased quantum computation in the extended Temperley-Lieb diagrammatical approach. Section 4 presents the extended Temperley-Lieb configurations of two types of Yang-Baxter gates derived in Appendix A. Section 5 describes the Yang-Baxter gate approach to teleportation-based quantum computation. Section 6 clarifies the relationship between the extended Temperley-Lieb diagrammatical approach and the Yang-Baxter gate approach. To make the paper self-consistent, we present five appendices for readers' conveniences. Appendix A reviews both the TemperleyLieb algebra and the Yang-Baxter equation as well as presents a detailed construction on the Yang-Baxter gate via the Temperley-Lieb algebra. Appendix B collects interesting properties of the permutation-like Yang-Baxter gates. Both Appendix C and Appendix D present the topological diagrammatical construction of four-qubit entangled states respectively associated with the CN OT gate and CZ gate [1] . Appendix E is about a method of calculating the extended Temperley-Lieb diagrammatical representation of the teleportation operator.
Review on teleportation-based quantum computation
In this section, we make a review on teleportation-based quantum computation [9] . The key topics include the standard description of quantum teleportation, the fault-tolerant construction of universal quantum gate set, and the fault-tolerant construction of four-qubit entangled states. Meanwhile, we set up our notation and convention for the study in the paper.
Notation
A single-qubit Hilbert space H 2 has an orthonormal basis denoted by |i , i = 0, 1, and a singlequbit state |α is given by |α = a|0 + b|1 with complex numbers a and b. The unit matrix 1 1 2 and the Pauli gates X and Z take the form
with Z|0 = |0 and Z|1 = −|1 , and the Pauli gate Y is defined as Y = ZX. A single-qubit gate is an element of the unitary group U (2), and a typical single-qubit gate W ij in the present paper has the form
satisfying W T ij = W † ij , in which the upper index T denotes the matrix transpose conjugation and the upper index † denotes the matrix Hermitian conjugation.
A two-qubit Hilbert space H 2 ⊗ H 2 has an orthonormal product basis denoted by |ij , i, j = 0, 1. The EPR state |Ψ [3, 4] takes the form
and it has a very nice algebraic property
with U denoting any single-qubit gate. The set of the orthonormal Bell states |ψ(ij) given by
is called the Bell basis [1, 2] of the two-qubit Hilbert space H 2 ⊗ H 2 . Obviously, |Ψ = |ψ(00) .
Quantum teleportation
Let Alice and Bob share the EPR state |Ψ , and Alice wants to transfer an unknown quantum state |α to Bob. Alice and Bob prepare the quantum state |α ⊗ |Ψ which can be formulated as
which was called the teleportation equation in [18] . Then, Alice performs the Bell measurements |ψ(ij) ψ(ij)| ⊗ 1 1 2 on the prepared state |α ⊗ |Ψ , Figure 1 : Quantum circuit for quantum teleportation as a diagrammatical representation of the teleportation equation (6 
to obtain the transmitted quantum state |α . See Figure 1 for the description of the teleportation protocol in the language of quantum circuit. Note that the teleportation protocol of Bob transmitting an unknown qubit |α to Alice admits another type of the teleportation equation
which was called the transpose teleportation equation in [13] and is to be used in the fault-tolerant construction of two-qubit gates in Subsubsection 2.3.4.
Fault-tolerant construction of universal quantum gate set
Quantum gates [23] are defined as unitary transformation matrices acting on quantum states, and the set of all n-qubit gates forms a representation of the unitary group U (2 n ).
Universal quantum gate set
An entangling two-qubit gate [24] with single-qubit gates is called a universal quantum gate set which can perform universal quantum computation in the circuit model [1] of quantum computation. All single-qubit gates can be generated by both the Hadamard gate H given by
and the π/8 gate [25] given by
An entangling two-qubit gate [24] is defined as a two-qubit gate capable of transforming a tensor product of two single-qubit states into an entangling two-qubit state. For examples, the CN OT gate
and the CZ gate
They are maximally entangling gates [26] , namely, with single-qubit gates, they can generate the maximally entangling states such as the Bell states (5) from the product states. The CN OT gate is the well known two-qubit gate in quantum information and computation which is the quantum analogue of the Exclusive OR gate in classical computation [1] . The CZ gate is widely used in the one-way quantum computation [27] , the representative example of measurement-based quantum computation, and it is related to the CN OT gate in the way
in which the subscript of the Hadamard gate H means that it is acting on the second qubit. Hence the set of the CN OT gate (12) (or the CZ gate (13)) with single-qubit gates H (10) and T (11) is called a universal quantum gate set to perform universal quantum computation [1] .
Clifford gates and fault-tolerant quantum computation
The Pauli group gates C 1 are generated by tensor products of the Pauli matrices X, Z and the identity matrix 1 1 2 with global phase factors ±1, ±i. Quantum gates U [1] are classified by
where C 2 denotes the Clifford gates preserving the Pauli group gates under conjugation. Obviously, the Hadamard gate H is a Clifford gate, namely H ∈ C 2 , due to
and the π/8 gate T is not a Clifford gate, T ∈ C 3 , since
in which (X − √ −1Y )/ √ 2 is a Clifford gate [1, 28] . Here is another equivalent definition of the Clifford gate [1, 28] . If a quantum gate can be represented as a tensor product of the Hadamard gate (10), the phase gate
and the CN OT gate (12) , then it is a Clifford gate. Note that the phase gate S is the square of the π/8 gate (11), S = T 2 , and the square of the phase gate S is the Pauli Z gate, S 2 = Z. In fault-tolerant quantum computation [28] , the Pauli group gates C 1 and Clifford gates C 2 can be easily performed in principle, but the C 3 gates may be difficultly realized. The teleportationbased quantum computation [9] is fault-tolerant quantum computation in the following sense: to perform a C 3 gate, it prepares a quantum state with the action of C 3 gate and then applies C 1 or C 2 gates to such the quantum state using the teleportation protocol.
Fault-tolerant construction of single-qubit gates
To perform a single-qubit gate U ∈ C k (15) on the unknown state |α , Alice prepares the quantum state |Ψ U given by Figure 2 : Quantum circuit for the fault-tolerant construction of the single-qubit gate U associated with the teleportation equation (20) . With the such diagrammatical representation, it is obvious that fault-tolerantly implementing the single-qubit U becomes how to fault-tolerantly perform the R † ij gate and prepare the preliminary quantum state |Ψ U (19) .
and reformulate |α ⊗ |Ψ U as
where the single-qubit gate R ij has the form R ij = U W ij U † with W ij defined in (2) . Then Alice makes Bell measurements |ψ(ij) ψ(ij)| ⊗ 1 1 2 and informs Bob her measurement results labeled by (i, j). Finally, Bob performs the unitary correction operator R † ij ∈ C k−1 (15) to attain U |α . See Figure 2 for the quantum circuit of fault-tolerantly performing the single-qubit gate U using the teleportation protocol.
As the single-qubit gate U is the Hadamard gate H (10), the single-qubit gate R ij is given by R ij (H) = W T ji , which is a tensor product of Pauli gates. And as the single-qubit gate U is the π/8 gate (11), the single-qubit gate R ij is given by
which can be easily fault-tolerantly performed, because it is a Clifford gate. Note that the difficulty of performing a single-qubit gate U ∈ C k becomes how to fault-tolerantly prepare the state |Ψ U and perform the single-qubit gate R † ij ∈ C k−1 .
Fault-tolerant construction of two-qubit Clifford gates
To perform a two-qubit Clifford gate CU such as the CN OT gate (12) and the CZ gate (13) on two unknown single-qubit states |α and |β , we prepare a four-qubit entangled state |Ψ CU ,
with the action of the CU gate, and reformulate the prepared state |α ⊗ |Ψ CU ⊗ |β as |α ⊗ |Ψ CU ⊗ |β
with 1 1 4 = 1 1 2 ⊗ 1 1 2 , which is called the teleportation equation associated with the fault-tolerant construction of the two-qubit Clifford gate CU . The single-qubit gates Q and P in the teleportation equation (23) are calculated by
|α
Quantum circuit for the fault-tolerant construction of a two-qubit Clifford gate CU , as a diagrammatical representation of the teleportation equation (23) . Specifically, the single-qubit gates Q and P are calculated with the formula (24) .
As the CU gate is the CN OT gate, the gates Q and P are expressed as
As the CU gate is the CZ gate, the gates Q and P have the form
Note that the Q and P gates (24) may be not single-qubit gates if the CU gate is not a Clifford gate in accordance with the definition of a Clifford gate [1, 28] . Next, we perform the Bell measurements given by
and with the measurement results labeled by (i 1 , j 1 ) and (i 2 , j 2 ), we perform the unitary correction operator, Q † ⊗ P † , to obtain the exact action of the Clifford gate CU on the two-qubit state |α ⊗ |β , namely, CU |αβ .
The quantum circuit for the fault-tolerant construction of the two-qubit Clifford gate CU using the teleportation protocol is depicted in Figure 3 . Note that the two-qubit Clifford gate CU we study here may be not the controlled-operation two-qubit gates such as the CN OT gate (12) and the CZ gate (13).
Construction of four-qubit entangled states
From Subsection 2.3, we already know that, the conceptual point in the fault-tolerant construction of a single-qubit quantum gate U (or a two-qubit Clifford gate CU ) using quantum teleportation is the fault-tolerant preparation of the two-qubit entangled state (19) (or the four-qubit entangled state (22) ). In this subsection, we focus on the fault-tolerant preparation of the four-qubit entangled state |Ψ CU (22) using the teleportation protocol, when the CU gate is the CN OT gate (12) and the CZ gate (13) respectively.
In Gottesman and Chuang's original proposal [9] of teleportation-based quantum computation, a four-qubit entangled state |Ψ CU is prepared in the following steps. First, we prepare a prior entangled six-qubit state as a tensor product of a three-qubit GHZ state |Υ [29] , 
Construction of the four-qubit entangled state |Ψ CN OT
The four-qubit entangled state |Ψ CN OT 1256 is the target state we want to construct,
in which the CN OT ij gate requires the i-th qubit as the control qubit and the j-th qubit as the target qubit. We prepare the six-qubit entangled state H 4 H 5 H 6 |Υ 123 |Υ 456 , which can be reformulated as
then make the joint Bell measurement on both the third and fourth qubits given by
With the measurement outcome (i, j), we perform the unitary correction operator
on the resultant quantum state to obtain the four-qubit entangled state |Ψ CN OT (29) . The quantum circuit for the construction of the |Ψ CN OT state is shown in Figure 4 . Note that the teleportation equation (30) admits an equivalent form
so that we have the second method of constructing the |Ψ CN OT state (29) using the teleportation protocol. These two methods are found to be equivalent in the low dimensional topological diagrammatical approach, see Subsubsection 3.4.2.
Construction of four-qubit entangled states |Ψ
↑ CN OT and |Ψ CZ In Gottesman and Chuang's original study [9] , the fault-tolerant construction of the four-qubit entangled state |Ψ ↑ CN OT (180) was presented instead of the state |Ψ CN OT (29) that we are working on. For readers' convenience, the construction of the |Ψ ↑ CN OT state is discussed in Appendix C. Besides |Ψ CN OT and |Ψ ↑ CN OT , since the CZ gate (13) has a wide application in measurement-based quantum computation [27] , we work out the construction of four-qubit entangled state |Ψ CZ (188) in Appendix D.
The extended Temperley-Lieb diagrammatical approach to teleportation-based quantum computation
In this section 4 , we aim at exhibiting topological features of teleportation-based quantum computation in the transparent style. In the extended Temperley-Lieb diagrammatical approach [17, 18] , we study the topological diagrammatical construction of both universal quantum gate set and fourqubit entangled states in teleportation-based quantum computation [9, 10, 11] , whose algebraic counterparts have been presented in Section 2.
The extended Temperley-Lieb diagrammatical configuration [17, 18] is a kind of the extension of the standard Temperley-Lieb configuration on which both single-qubit gates and two-qubit gates are allowed to move along the lines under certain rules. The definition of the TemperleyLieb algebra and its diagrammatical representation is shown up in Appendix A.1 and A.2.
The extended Temperley-Lieb diagrammatical approach
A single-qubit state vector |ϕ is denoted by a vertical line followed by the symbol ∇ on the bottom,
and the line with the symbol △ on the top represents the covector φ|, so a vertical line with both symbols ∇ and △ on the boundary denotes the inner product φ|ϕ . A vertical line with a solid point represents a single-qubit gate U acting on the state |ϕ ,
in which the algebraic expression is read from the right to the left and the diagrammatical representation is read from the bottom to the top. The diagrammatical configuration of the Bell state |ψ(ij) (5) is the core of the extended Temperley-Lieb diagrammatical approach, and it is represented by a cup with a solid point denoting the single-qubit gate W ij (2), (36) so that a cup without a solid point denotes the EPR state |Ψ (3). The adjoint of the Bell state, ψ(ij)|, is represented by a cap 
with U denoting any single-qubit gate, and the similar representation also for a cap state,
with the upper index * denoting the complex conjugation. In the diagrammatical representations (39) and (40), a single-qubit gate can flow from the one branch of a cup (or cap) state to its other branch with the transpose conjugation, which is beyond the conventional utilization of the Temperley-Lieb diagrams but naturally arises in quantum computation. Note that such the operation of moving single-qubit gates is a crucial technique in the extended Temperley-Lieb diagrammatical approach [17, 18] to teleportation-based quantum circuits.
Topological interpretation of quantum teleportation
In quantum teleportation, Alice and Bob prepare the quantum state |α ⊗ |Ψ , in the extended Temperley-Lieb diagrammatical language, expressed as
in which the vertical line with ∇ denotes the unknown quantum state |α to be transmitted from Alice to Bob. Then, Alice performs Bell measurements |ψ(ij) ψ(ij)| ⊗ 1 1 2 on the prepared state |α ⊗ |Ψ , which has the extended Temperley-Lieb diagrammatical configuration
with the single-qubit gate W ij defined in (2) . It is obvious that this topological diagram (42) is associated with both the teleportation equation (6) and the quantum circuit in Figure 1 . Note that the diagram (42) without solid points is a standard diagrammatical representation of the Temperley-Lieb algebra [15] , see Appendix A.1 and A.2. Now let us explain the diagram (42) in detail. On the left hand side of =, the diagrammatical part above the dashed line denotes the Bell measurement, and the part under the dashed line denotes the state preparation. On the right hand side of =, the normalization factor 1 2 is contributed by the vanishing cup state and cap state according to the rules of the extend TemperleyLieb diagrammatical approach [17, 18] . The cup state with the action of W ij denotes the postmeasurement state which is usually neglected in the following study for simplicity. The W ij gate acting on the unknown qubit |α is due to the operation of moving W † ij from the one branch of the cap state to the other branch and applying the transposition conjugation, (W † ij ) T = W ij . Note that both classical communication and unitary correction are not shown in the diagram (42). In this sense, hence, the quantum information flow sending an unknown qubit from Alice to Bob in quantum teleportation can be recognized as a result of topological operation in the extended Temperley-Lieb diagrammatical approach [17, 18] .
The topology in the diagrammatical teleportation (42) may be not that obvious. Let us consider the topological configuration of the chained teleportation [30] that Alice sends an unknown qubit |α to Bob with a sequence of standard teleportation protocols, expressed as
in which the post-measurement states are neglected and only the EPR state measurements |Ψ Ψ| are considered. The normalization factor (40), and then apply the topological operation by straightening the relevant configuration.
Topological construction of universal quantum gate set
In the authors' knowledge, a topological diagrammatical construction of universal quantum gate set [1, 23] using quantum teleportation [9] has not been done yet in the published paper, so we study such the realization in the extended Temperley-Lieb diagrammatical approach [17, 18] .
The topological diagram for the fault-tolerant construction of a single-qubit U using quantum teleportation has the form
and it is directly associated with the teleportation equation (20) and the quantum circuit model in Figure 2 , see Subsubsection 2.3.3. Below the dashed line, Alice and Bob prepare the quantum state |α ⊗|Ψ U , and above the dashed line, Alice performs the Bell measurements |ψ(ij) ψ(ij)|⊗ 1 1 2 . After moving the single-qubit gate W
The topological diagram for the fault-tolerant construction of a two-qubit Clifford gate CU using quantum teleportation is expressed as
and it is associated with the teleportation equation (23) and the quantum circuit model in Figure 3 .
Below the dashed line, we prepare the six-qubit quantum state |α ⊗ |Ψ CU ⊗ |β , and above the dashed line, we perform the Bell measurement (27) on such the prepared quantum state. The topological (or straightening) operation occurs after both moving single-qubit gates W † i1j1 and W † i2j2 along the path formed by the top cup states and bottom cup states and moving the two-qubit gate CU along two vertical lines. The vanishing cap and cup states contribute the normalization factor . Explicitly, the single-qubit gates Q and P are calculated by the formula (24) . As a remark, the extended Temperley-Lieb diagrammatical approach to the fault-tolerant construction of quantum gates in teleportation-based quantum computation appears more intuitive and simpler than other original approaches [9, 10, 11] . On the topological representations, such as (42), (44) and (45), one is allowed to transport an unknown quantum state by topological operations as well as move single-qubit or two-qubit gates along relevant configurations.
Topological construction of four-qubit entangled states
We combine the quantum circuit models [1] of the Bell states and the GHZ states with the extended Temperley-Lieb diagrammatical approach to construct the topological diagrammatical representations of four-qubit entangled states including the |Ψ CN OT state (29), the |Ψ ↑ CN OT state (180) and the |Ψ CZ state (188).
Diagrammatical representations of the Bell state |Ψ and GHZ state |Υ
The EPR state |Ψ (3) can be generated by the quantum circuit model in terms of the Hadamard gate H and the CN OT gate,
with the diagrammatic representation
where the vertical line with ∇ denotes the state |0 . Such the configuration of the EPR state |Ψ is equivalent to the cup configuration (36) of the |Ψ state in the extended Temperley-Lieb diagrammatical approach. The EPR state |Ψ has the other equivalent quantum circuit model
with the diagrammatical representation
which is associated with the configuration (47) via the mirror symmetry. The three-qubit GHZ state |Υ (28) can be generated by the quantum circuit model in terms of the EPR state |Ψ and the CN OT gate, expressed as
where the cup configuration (36) of the EPR state |Ψ is exploited. The |Υ state also allows the other equivalent quantum circuit model
which can be obtained from the configuration (51) via the mirror symmetry. Furthermore, the GHZ state |Υ with the local action of the Hadamard gates such as (H ⊗ H ⊗ H)|Υ has the diagrammatical representation,
where the configuration (51) of the GHZ state |Υ is used and the formula
is applied. Under the mirror symmetry, the (H ⊗ H ⊗ H)|Υ state has the other equivalent configuration
in which the configuration (53) of the GHZ state |Υ is exploited.
Topological construction of the four-qubit entangled state |Ψ CN OT
The four-qubit entangled state |Ψ CN OT (29) has the extended Temperley-Lieb diagrammatical configuration, expressed as a CN OT gate connecting two cup configurations,
where the second qubit is the control qubit and the fifth qubit is the target qubit and both the third and fourth qubits are not explicitly shown up. Following the strategy of constructing |Ψ CN OT (29) in Subsubsection 2.4.1, we perform the Bell measurements (31) on both the third and fourth qubits of the six-qubit state |Υ ⊗ (H ⊗ H ⊗ H)|Υ . Using the diagrammatical representation (51) of the GHZ state |Υ and the diagrammatical representation (54) of the state (H ⊗H ⊗H)|Υ and the diagrammatical representation (38) of the Bell measurements (31), we have the extended Temperley-Lieb diagrammatical configuration for the construction of the |Ψ CN OT state (29), ) which is associated with the teleportation equation (30) and the quantum circuit model in Figure 4 , and in which below the dashed line is the prepared six-qubit state and above the dashed line is the Bell measurements.
Let us perform a series of diagrammatical operations on the diagram (58). First, move the single-qubit gate W † ij from the fourth qubit to the second qubit along the given path. Second, continue to move such the W † ij gate across the CN OT 21 gate with the formula
to obtain the single-qubit gates Z 
in which we firstly move the single-qubit gate W † ij from the fourth qubit to the fifth qubit and then across CN OT 65 gate with the formula
to generate the single-qubit gate
, and secondly apply the commutative relation of the CN OT 25 gate and CN OT 65 and the diagrammatic representation (49) of the EPR state |Ψ . As a result, the diagram (61) presents a kind of proof for the teleportation equation (33) . 
Topological constructions of four-qubit entangled states |Ψ

The Yang-Baxter gate and its extended Temperley-Lieb diagrammatical representation
In this section, we consider two special types of the Yang-Baxter gates derived in Appendix A as well as present their associated extended Temperley-Lieb diagrammatical configurations, and then apply the special type II Yang-Baxter gates to teleportation-based quantum computation in Section 5. Note that a brief study on the algebraic properties of the special type I Yang-Baxter gates is made in Appendix B. In the first place, the extended Temperley-Lieb diagrammatical representation of a two-qubit quantum gate will be discussed.
The extended Temperley-Lieb diagrammatical representation of a twoqubit gate
The conventional Temperley-Lieb diagram consists of the configuration of a pair of cup and cap [15] , see Appendix A.1 for the diagrammatical representation of the Temperley-Lieb algebra. As we have introduced in Section 3, the extended Temperley-Lieb diagram permits the action of single-qubit gates, namely, it includes the following typical configuration, In quantum information and computation [1] , the two-qubit Hilbert space H 2 ⊗ H 2 has the two types of the orthonormal bases: the one is denoted by the product basis |ij , the other is denoted by the Bell basis |ψ(ij) , and the unitary basis transformation matrix T between these two bases satisfies T |ij = |ψ(ij) and has the form,
In terms of the product base |ij kl|, a two-qubit quantum gate G as a 4 × 4 unitary matrix has an expression given by
and in terms of the Bell base |ψ(ij) ψ(kl)|, it has another form
in the extended Temperley-Lieb diagrammatical approach. Applying the basis transformation matrix T (64), the coefficient matrixG = (G ij,kl ) can be obtained from
For example, the two-qubit identity gate 1 1 4 has an expansion of the Bell basis (5),
which represents the completeness relation defining the Bell basis, so the two-qubit identity gate 1 1 4 has the extended Temperley-Lieb diagrammatic representation,
where, in the conventional topological viewpoint [15] , the two-qubit identity gate 1 1 4 is depicted as two parallel vertical lines. For another example, let us consider the extended Temperley-Lieb diagrammatical configuration of the CZ gate (13), which is
where the first and second configurations from the left handside are explicitly beyond the standard Temperley-Lieb diagrammatical representation in Appendix A.1. Note that for a given two-qubit gate G, its extended Tempereley-Lieb diagrammatical representation is not fixed and depends on the choices of single-qubit gates acting on the cup or cap configurations. For example, the extended Temperley-Lieb diagrammatic representation of the CZ gate (13) can not be (70) when single-qubit gates on the configurations are not the Pauli gates.
Special type I Yang-Baxter gate and its extended Temperley-Lieb diagrammatical representation
The special type I Yang-Baxter gate is a typical example for the Yang-Baxter gate via the Temperley-Lieb algebra, and it is derived in Appendix A.5.1. The main reason that we study it in this paper is that it is directly associated with the Bell states (5), and we denote the special type I Yang-Baxter gate by R(ij), which is formulated as
As an example, for i = j = 1, we have the Yang-Baxter gate P ≡ R(11), given by
which is the Permutation gate (or the Swap gate) P in quantum computation [1] . Note that all of the special type I Yang-Baxter gates R(ij) are permutation-like quantum gates satisfying R(ij)R(ij) = 1 1 4 , and a further research has been done in Appendix B.
The special type I Yang-Baxter gate R(ij) in the extended Temperley-Lieb diagrammatical approach is shown as
where the symbol δ denotes the Kronecker delta function. For example, the Yang-Baxter gate P = R(11) has the extended Temperley-Lieb diagrammatical representation,
Note that the special type I Yang-Baxter gate R(ij) will not be applied to our study on teleportation-based quantum computation in Section 5, see Appendix B for a relevant interpretation. We present them here because they have a simplest realization in the extended TemperleyLieb diagrammatical approach.
Special type II Yang-Baxter gate and its extended Temperley-Lieb diagrammatical representation
The special type II Yang-Baxter gates B(ǫ, η), or equivalently denoted as B ǫ,η , with ǫ = ±1 and η = ±1, have the form
which are derived in Appendix A.5.2 as examples for the Yang-Baxter gates generated by the Temperley-Lieb algebra. These four Yang-Baxter gates B(ǫ, η) are related to one another by the relations
where P is the Permutation gate (72), and the inverse of such the Yang-Baxter gate B(ǫ, η) is related to itself with the aid of the Pauli Z gate, expressed as
The special type II Yang-Baxter gates B(ǫ, η) are to be applied to our study on the reformulation of the teleportaiton-based quantum computation in Section 5, because they can generate the Bell states (5) from the product basis, see [19, 20, 21] . For example, when the parameters ǫ = 1 and η = 1, we denote the Yang-Baxter gate B 5 as an abbreviation of the notation B (1, 1) ,
which gives rise to all four Bell states from the product basis in the way
We can directly read the extended Temperley-Lieb configuration of the Yang-Baxter gate B(ǫ, η), shown as
where the over-crossing diagram represents the braiding feature [15] of the Yang-Baxter gate B(ǫ, η) (75) and the box around it marks the feature that it can be regarded as a two-qubit quantum gate, and two parallel vertical lines represent the two-qubit identity gate (69). To maintain the diagrammatical representations consistent, the braiding configuration (the over-crossing configuration) has the same acting direction as the other extended Temperley-Lieb diagrammatic representations, namely, it is read from the bottom to the top.
The Yang-Baxter gate approach to teleportation-based quantum computation
In this section, we apply the special type II Yang-Baxter gates B(ǫ, η) (75), derived in Appendix A and presented in Section 4 with their associated extended Temperley-Lieb diagrammatical configurations (80), to teleportation-based quantum computation. First of all, such the special type II Yang-Baxter gates B(ǫ, η) are found to be a type of examples for the Bell transform defined in [13] , where teleportation-based quantum computation using the Bell transform has been explored in detail. Note that the Yang-Baxter gate approach to teleportation-based quantum computation admits an interpretation in the extended Temperley-Lieb diagrammatical approach, see Section 6. 
The Yang-Baxter gate B(ǫ, η) as the Bell transform and Clifford gate
We recognize the special type II Yang-Baxter gate B(ǫ, η) (75) as the Bell transform [13] , and especially verify them as Clifford gates [1, 28] in three equivalent approaches. A type of the Bell transform [13] is defined as a two-qubit quantum gate capable of generating the four Bell states (5) from the product states modulo global phase factors. For examples, the special type II Yang-Baxter gates B(ǫ, η), denoted by B ǫ,η in this section, are the Bell transform because they produce the Bell states in the way,
in which the addition is the binary addition and the multiplication is the logical AND operation. Obviously, the global phase factors of such the Bell states generated by the B ǫ,η gates are ±1, so the special type II Yang-Baxter gates B ǫ,η are Clifford gates [1, 28] , because the global phase factors associated with Clifford gates are allowed to be only ±1, ±i [13] . According to discussed in Subsubsection 2.3.2, the fact that the special type II Yang-Baxter gates B ǫ,η are Clifford gates is crucial in the fault-tolerant construction of universal quantum gate set using quantum teleportation in the following subsections. We will verify the B ǫ,η gates as Clifford gates in another two ways. A Clifford gate can be expressed as a tensor product of elementary Clifford gates, namely the Hadamard gate H (10), the phase gate S (18) and the CN OT gate (12), so we reformulate the B −1,1 gate as
with Z = S 2 . With the algebraic relations (76) among the B ǫ,η gates, for examples, the B 1,−1 gate is the inverse of the B −1,1 gate and the B 1,1 gate is the conjugation of the B −1,1 gate under the Permutation gate, we can decompose all the B ǫ,η gates as tensor products of elementary Clifford gates. Besides such the decompositions, the Clifford gates B ǫ,η are verified to preserve the properties of Pauli group P 2 generated by X 1 , X 2 and Z 1 , Z 2 under conjugation by the YangBaxter gates B ǫ,η (75), see Table 1 . Note that the results in Table 1 will be exploited in the study of the Yang-Baxter gate approach to teleportation-based quantum computation. The multiplication · is a logical AND operation and the addition + is a binary addition.
Quantum teleportation circuit using the Yang-Baxter gate
The essential ingredient in quantum teleportation circuit model is the teleportation operator introduced in [13] which is the tensor product of the identity operator, the Bell transform and its inverse. Here, the special type II Yang-Baxter gates B ǫ,η are the Bell transform, so we make use of a similar type of the teleportation operators
to act on the product state |α |kl or |kl |α respectively. They give rise to the type of the teleportation equation
which is associated with the teleportation equation (6) with the local single-qubit gate
to represent the protocol of transmitting an unknown qubit |α from Alice to Bob, and the other type of the teleportation equation
which is related to the teleportation equation (9) with the local single-qubit gate
to represent the protocol of transmitting an unknown qubit |α from Bob to Alice, where the explicit expressions for the indices p ǫ,η , p Based on the above teleportation equations (87) or (89) using the special type II Yang-Baxter gates B ǫ,η , we continue to perform single-qubit measurements, classical communication and local unitary corrections to complete the entire quantum teleportation protocol. For example, the quantum teleportation circuit model associated with the teleportation equation (87) is drawn in Figure 5 , where the braiding configuration (80) of the Yang-Baxter gate B ǫ,η has been applied. About the teleportation circuit model in Figure 5 , the special type II Yang-Baxter gate B(ǫ, η) acting on the product state |kl gives the prepared Bell states, and the same Yang-Baxter gate B(ǫ, η) followed by two single-qubit measurements works as the Bell measurements.
Note that the inverse of the Yang-Baxter gate B(ǫ, η), denoted by B † (ǫ, η), is related to itself with the algebraic relation (77). In other words, the inverse of the Yang-Baxter gate B(ǫ, η) Figure 1 , the braiding configuration (80) of the Yang-Baxter gate B(ǫ, η) has been adjusted in the left-to-right direction from the original down-to-up direction. The left lower braiding on the product state |kl is used to generate the prepared Bell states, and the right higher braiding followed with single-qubit state measurements works as the Bell measurements. The present quantum circuit model is essentially equivalent with the one in Figure 1 , while the superficial differences between them are due to the fact that we are using various of presentations of both Bell states and Bell measurements. is still the Bell transform [13] . Hence in terms of the inverse of the Yang-Baxter gate B(ǫ, η), the teleportation operators (86) can be reformulated as the same type of the teleportation operators used in [13] where the inverse of the Bell transform [13] with single-qubit measurements represents the Bell measurements.
Teleportation-based quantum computation using the Yang-Baxter gate
Under the guidance of the fault-tolerant construction of single-qubit gates in Subsubsection 2.3.3, we prepare the three-qubit quantum state in the the Yang-Baxter gate approach, expressed as
with the single-qubit gate U acting on the Bell states, which are generated by the special type II Yang-Baxter gate B(ǫ, η) on the product basis |kl , and then apply the Yang-Baxter gate B(ǫ, η) on the first and second qubits to derive the teleportation equation Table 2 , while the parameters p 2 , p ′ 2 , a 2 and b 2 depend on the parameters i 2 , j 2 , k 2 and l 2 , and are calculated by the formulas in Table 2. which is associated with the teleportation equation (20), with R ǫ,η = U W ǫ,η U † , the single-qubit gate W ǫ,η defined in (88).
For example, when the single-qubit gate U is the Hadamard gate H (10) and π/8 gate T (11), the corresponding single-qubit gates R ǫ,η have the form respectively,
where the indices p ǫ,η , a ǫ,η and b ǫ,η are those in Table 2 . We can compare these results with their counterparts obtained in Subsubsection 2.3.3, such as (21) . Note that the R ǫ,η (H) gates are the Pauli gates with the global phase factors, whereas the R ǫ,η (T ) gates are the Clifford gates. Combining the teleportation equation (92) with both two single-qubit measurements and the local unitary correction operator R † ǫ,η , the quantum circuit model for the fault-tolerant construction of the single-qubit gate U in the Yang-Baxter gate approach is presented in Figure 6 , which can be compared with the quantum circuit model in Figure 2 .
In accordance with the fault-tolerant construction of a two-qubit Clifford gate in Subsubsection 2.3.4, we perform the fault-tolerant construction of the special type II Yang-Baxter gate B(ǫ, η) (75) in the following steps. Firstly, we prepare the four-qubit entangled state in the YangBaxter gate approach as
Secondly, we perform two Bell measurements respectively via two Yang-Baxter gates B(ǫ, η) followed by product-basis measurements, so that we have the teleportation equation
which is related to the teleportation equation (23) and has the quantum circuit in Figure 7 . The single-qubit gates Q ǫ,η and P ǫ,η are calculated by the formula
in which W ǫ,η is defined in (87) and depends on the indices i 1 , j 1 , and W ′ ǫ,η is defined in (89) and depends on the indices i 2 , j 2 , and the explicit expressions of Q ǫ,η and P ǫ,η are listed in Table 3 .
Special example: ǫ = 1, η = 1 and |kl = |11
For readers' convenience, we make a brief summary on the results in the Yang-Baxter gate approach to the teleportation-based quantum computation using the Yang-Baxter gate B (78), which (95), and it is equivalent with the quantum circuit in Figure 3 . Explicit expressions for single-qubit gates Q † ǫ,η and P † ǫ,η are shown up in Table 3 .
is the B ǫ,η gate (75) of ǫ = 1, η = 1. To further simplify the calculation results without losing any significant physical meaning, we choose the product state |kl = |11 in the state preparation. Note that the Yang-Baxter gate B (78) acting on the state |11 gives rise to the EPR state (3). First, the teleportation equation associated with the teleportation operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B) on the product state |α ⊗ |11 has the form
with the single-qubit gate W B given by
which is a special case of the teleportation equation (87). Similarly, the teleportation equation, as a special example of (89), is obtained to be
where W T B is the matrix transpose of W B (98). Second, the teleportation equation associated with the fault-tolerant construction of the singlequbit gate U has the form
with R B = U W B U † , the W B gate defined in (98), which is a special example of the teleportation equation (92). As the single-qubit gate U is the Hadamard gate H (10) and the π/8 gate T (11) respectively, the local unitary gate R B has the explicit forms
Third, the teleportation equation associated with the fault-tolerant construction of the YangBaxter gate B, as a special case of (95), has the form
with the single-qubit gates Q B and P B calculated by
where W B depends on the parameters i 1 , j 1 and W T B depends on the parameters i 2 , j 2 . The explicit formalisms of Q B and P B are expressed as
which can be derived with Table 3 by picking up the third row of ǫ = 1, η = 1, and setting
Note that the key reason that the results in this subsection are presented is that they are to be explained in the extended Temperley-Lieb diagrammatical approach in Section 6.
Relationship between the extended Temperley-Lieb diagrammatical approach and the Yang-Baxter gate approach
So far, we study the two approaches to teleportation-based quantum computation: the one is the extended Temperley-Lieb diagrammatical approach in Section 3, and the other is the YangBaxter gate approach in Section 5. In this section, we are in a position to consider the relationship between these two approaches. With the extended Temperley-Lieb configuration (80) of the special type II Yang-Baxter gate B(ǫ, η) (75) in Section 4, we are able to recast all the algebraic results of the Yang-Baxter gate approach in Section 5 into the topological diagrammatical configurations, which are found to be those in the extended Temperley-Lieb diagrammatical approach in Section 3. In the following discussion, we concentrate on the Yang-Baxter gate B (78) as an example for the special type II Yang-Baxter gate B(ǫ, η) with ǫ = η = 1.
The product basis and the Bell basis
The Yang-Baxter gate approach to teleportation-based quantum computation in Section 5 is based on the observation that the Bell states (5) can be replaced by the Yang-Baxter gate acting on the product states and the Bell measurements can be substituted by the Yang-Baxter gate followed with product-basis measurements. Hence, the first thing that we are going to do is to describe the product basis and the Bell basis in the extended Temperley-Lieb diagrammatical approach. With the definition of the Bell basis (5), it is easy to formulate the two-qubit product basis in terms of the Bell basis, so the two-qubit product states have the extended Temperley-Lieb diagrammatical configurations respectively expressed as
where the vertical line with ∇ stands for the state |0 and naturally the one with the Pauli X gate stands for the state |1 . And the adjoint of the above algebraic relations (105)- (108) have the extended Temperley-Lieb diagrammatical configurations respectively as
Now we study the action of the Yang-Baxter gate B (78) on the product state |ij in the extended Temperley-Lieb diagrammatical approach. The extended Temperley-Lieb configuration of the Yang-Baxter gate B (78), has the form
which is directly obtained from (80) by setting ǫ = 1, η = 1. With the extended Temperley-Lieb diagrammatical rules [18] that assign a normalization factor 1 to a loop configuration and assign a normalized trace of single-qubit gates to a loop with the action of associated single-qubit gates, for example, we apply the Yang-Baxter gate B on the product state |11 , namely calculate B|11 in the diagrammatical approach,
which is the cup representation of the EPR state |Ψ , see (36) . In the same manner, performing the Yang-Baxter gate B on the other product states, we attain the extended Temperley-Lieb configurations of the other Bell states, summarized in
which allows a more concise expression as
with the single-qubit gate V kl = X k+l Z k+1 . Note that the diagrammatical representation (116) is associated with the algebraic relation (83).
The Yang-Baxter gate B followed with the product-state measurements has the algebraic form |ij ij|B. For simplicity, we neglect the post-measurement state |ij , and only calculate ij|B in the extended Temperley-Lieb diagrammatical approach. For example, the quantum state 00|B is calculated in the way
which is the cap representation of the EPR state |Ψ , see (37) . After calculating the other cases, it turns out that the state ij|B has the representation,
with the single-qubit gate
Note that the diagrammatical representation (118) is associated with the adjoint of the algebraic relation (84) in which the Bell transform B −1,−1 is the inverse of the Bell transform B.
Teleportation-based quantum computation
Let us derive the extended Temperley-Lieb configurations in Section 3 respectively from the Yang-Baxter gate approach to teleportation-based quantum computation in Section 5.
The topological representation of quantum teleportation, such as (42), can be regarded as the diagrammatical representation of a matrix element of the teleportation equation (97) using the Yang-Baxter gate B. With the cup state (114) generated by B|11 and the cap state (118) generated by ij|B, the teleportation operator (B ⊗ 1 1 2 ) (1 1 ⊗ B) has the matrix element as
in which the diagrammatical part below the dashed line denotes the prepared state |α ⊗ |Ψ and the part above the dashed line denotes the Bell measurement labeled by the single-qubit gate U ij in (118). The transpose of U ij is the local unitary gate W B (98), namely, U T ij = W B . Note that the post-measurement state B † |ij is neglected for simplicity. As another example, the topological configuration (43) of the chained teleportation is obtained in the Yang-Baxter gate approach,
where B|11 denotes the cup state (114) and 00|B denotes the cap state (117) and the symbol B ij means that the Yang-Baxter gate B is acting on both the i-th and j-th qubits.
The topological configuration (44) for the fault-tolerant construction of the single-qubit gate U in teleportation-based quantum computation is associated with the matrix element of the teleportation equation (100),
with R B = U W B U † , where the single-qubit gate U ij in (118) is denoted as the W T B gate to avoid a possible notational confusion. Furthermore, the algebraic counterpart of the topological configuration (45) of the fault-tolerant construction of the Yang-Baxter gate B which is a twoqubit Clifford gate, is the matrix element of the teleportation equation (102), expressed as 
The teleportation operator and the teleportation equation
As shown up in Section 5, the teleportation operator (86) plays the key role in the Yang-Baxter gate approach to teleportation-based quantum computation, and it is accompanied with both the product state preparation and the product state measurement to perform the teleportation protocol. In this subsection, we study the diagrammatical representation of the teleportation operator (B ⊗ 1 1 2 ) (1 1 2 ⊗ B) by combining the configuration of the product basis with the extended TemperleyLieb diagrammatical approach, and from such the diagrammatical representation, we can easily derive the teleportation equation of the type (97).
With the extended Temperley-Lieb configuration (69) of the two-qubit identity gate, the Yang-Baxter gate B (78) has the configuration
which is equivalent to a special case of the extended Temperley-Lieb configuration (172). Applying the algebraic relations (109)-(112) on the configuration (123), the Yang-Baxter gate B (78) has its compact diagrammatical representation
where the single-qubit gate V kl is defined in (116), and the associated algebraic formulation of such the configuration (124) is expressed as
with |Ψ V kl defined in (19) , which is obviously the defining relation (83) of the Bell transform B. On the other hand, applying the algebraic relations (105)-(108) on the configuration (123) of the Yang-Baxter gate B gives rise to its another compact configuration
where the single-qubit gate U ij is defined in (118), and the associated algebraic expression is
with |Ψ Uij defined in (19) , from which the Yang-Baxter gate B can be also viewed as the inverse of the Bell transform from the Bell basis to the product basis. Note that in [13] the inverse of the Bell transform with the product basis measurement is regarded as the Bell measurement, hence the Yang-Baxter gate B acted by the product state can be viewed as the Bell measurement.
In the algebraic approach, the teleportation operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B) has the form
where the left Yang-Baxter gate B represents the inverse of the Bell transform (127) with the configuration (126) and the right one denotes the Bell transform (125) with the configuration (124). Therefore, such the teleportation operator is calculated in the diagrammatical approach,
where the single-qubit gate
can be also calculated from the formula (88) by setting ǫ = η = 1. See Table 4 for the explicit expressions of the single-qubit gate W 1,1 . Furthermore, the algebraic counterpart of the diagram (129) can be rewritten as
with the algebraic notation (|ij , W 1,1 , kl|) of the associated diagrammatical term, which gives rise to the teleportation equation
with the teleportation equation (97) as its special example of k = l = 1. In this sense, each one of the total 16 teleportation configurations in the diagram (129) can be extracted by applying the product basis measurement on the teleportation operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B). In addition, Appendix E presents another equivalent method of deriving the algebraic structure (131) of the teleportation operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B).
The teleportation operator using Bell measurements
The extended Temperley-Lieb diagrammatical representation of the teleportation operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B) can be derived in a rather straightforward diagrammatical approach using the extended Temperley-Lieb configuration (123) of the Yang-Baxter gate B, and the result is shown up in Figure 8 , which can be explicitly regarded as a kind of linear combination of 16 typical quantum teleportation processes using Bell measurements. Although each one of these 16 diagrammatical teleportation terms in Figure 8 can be interpreted in the viewpoint of quantum teleportation, a linear combination of these diagrammatical terms can not be usually viewed as quantum teleportation. The reason is that the teleportation operator with the product basis measurement (instead of Bell measurements) gives rise to quantum teleportation, as discussed in Subsection 6.3. Note that the simplified version of Figure 8 is shown up in Figure 9 .
Appendix E presents an algebraic method of deriving the extended Temperley-Lieb configuration in Figure 9 , and it is obvious that the topological configuration in Figure 8 can be easily obtained from the configuration in Figure 9 . It is worthwhile pointing out that such the extended Temperley-Lieb configurations in both the diagram (129) and Figure 9 come naturally from our Figure 9 : The extended Temperley-Lieb configuration of the teleportation operator (B⊗1 1 2 )(1 1 2 ⊗ B) as a simplified version of the configuration in Figure 8 .
topological and algebraic reformulations of teleportation-based quantum computation, whereas they are indeed unexpected if we consider the standard low dimensional topology [15] . Interested readers are invited to refer to Appendix A.
Concluding remarks
In this paper, we reformulate teleportation-based quantum computation [9, 10, 11] in both the extended Temperley-Lieb diagrammatical approach [17, 18] and the Yang-Baxter gate approach [19, 20, 21] . Such the two approaches can be respectively regarded as the topological aspect and algebraic aspect of a unified approach. On the other hand, through our research, the YangBaxter gate configuration (the braiding configuration) admits an equivalent description of a set of the extended Temperley-Lieb diagrammatical configurations, so we finally propose the extended Temperley-Lieb diagrammatical approach as an interesting topic for physicists in quantum information and computation. Our results show that the fact that quantum entanglement (or quantum non-locality) admits a kind of interpretation of topological entanglement (topological non-locality) takes the responsibility for topological features in teleportation-based quantum computation. Such topological features regard teleportation-based quantum circuit models as the two-dimensional topological deformations of the extended Temperley-Lieb diagrammatical configurations, and they greatly simplify the algebraic analysis in teleportation-based quantum computation. About further research, since teleportation-based quantum computation is an example for measurement-based quantum computation which includes the one-way quantum computation [27, 31] as another example, so we expect that the one-way quantum computation [27] can be also understood from both the extended Temperley-Lieb diagrammatical approach and the Yang-Baxter gate approach. Furthermore, if we consider the categorical description [32, 33, 34] of quantum teleportation, it is no doubt to obtain new insights on both our research results in this paper and categorical quantum information and computation. In addition, further research problems in mathematical physics are collected in Appendix A.6. 
A The Yang-Baxter gate via the Temperley-Lieb algebra and its extended Temperley-Lieb diagrammatical representation
Recent years, non-trivial unitary solutions of the Yang-Baxter equation [16] , called the YangBaxter gates [19, 20, 21] , have been proposed in the study of quantum information and computation [1, 2] . Since the central topic of the present paper is about the application of the extended Temperley-Lieb diagrammatical approach to teleportation-based quantum computation [9, 10, 11] , we study the construction of the Yang-Baxter gates using the Temperley-Lieb algebra [14, 15] in detail.
A.1 The Temperley-Lieb algebra and its diagrammatical representation
The Temperley-Lieb algebra [14, 15] , denoted by T L n (λ), is generated by idempotents e i which satisfy the algebraic relations:
e i e i±1 e i = λ −2 e i ;
e i e j = e j e i , i, j = 1, · · · , n − 1, |i − j| > 1;
where i ± 1 is a positive integer between 1 and n − 1, and λ is called the loop parameter, a nonvanishing complex number. In this section, we study the Temperley-Lieb algebra T L n (λ) with the following type of idempotents:
where 1 1 is the identity operator on the Hilbert space V and the generator T is a linear mapping on V ⊗ V to be specified in a given circumstance.
There is a well known diagrammatical representation to catch the essential algebraic properties of the Temperley-Lieb algebra T L n (λ), see [15] . In Figure 10 , the generator e i is depicted as a pair of cup and cap on the sites of i and i + 1. The algebraic relations (133) defining the Temperley-Lieb algebra are read from the right to the left, while the corresponding diagrammatical expressions are read from the bottom to the top. The points on the same site (or in the same vertical row) are connected; the lines connecting points on different sites can be straightened via topological diagrammatical deformations, and two pairs of vanishing cups and caps contribute the normalization factor λ −2 .
A.2 The extended Temperley-Lieb diagrammatical representation for the Temperley-Lieb algebra generated by Bell states (5)
The fact that the EPR state (3), a maximal bipartite entangled state, generates a representation of the Temperley-Lieb algebra T L n (λ), has been discussed in [18] , and here we make a brief sketch. The projector of the EPR state |Ψ has the form
with d = 2, the dimension of the Hilbert space V . With the T generator (134) given by T = |Ψ Ψ|, the idempotents e i of the Temperley-Lieb algebra T L n (λ) are defined as
which naturally give rise to e 2 i = e i and e i e j = e j e i , |i − j| > 1. We calculate
to determine the loop parameter
Similarly, a representation of the Temperley-Lieb algebra T L n (λ) can be generated by the Bell states |ψ(ij) (5), and the loop parameter is still λ = d = 2, see Subsubsection A.5.1. When the EPR state |Ψ is described by the cup configuration and single-qubit gates are by solid points on the cup, the diagrammatical representation for the Temperley-Lieb algebra T L n (λ) generated by |ψ(ij) ψ(ij)| is the extended Temperley-Lieb diagrammatical configuration in [18] .
The key reason that we propose such the extended Temperley-Lieb configuration is that it is capable of describing both quantum teleportation and teleportation-based quantum computation [9, 10, 11, 12, 13] . Such the diagrammatical representation is beyond the standard TemperleyLieb diagrammatical representation in Figure 10 , because the action of single-qubit and two-qubit quantum gates are not allowed by the defining algebraic relations of the Temperley-Lieb algebra (133) in general.
A.3 The Yang-Baxter equation and the Yang-Baxter gate
The Yang-Baxter equation [16] has the form
where R is a linear operator on V ⊗ V . Note that it is also called the constant Yang-Baxter equation in the literature [16] , because it has no explicit dependence on parameters. It is well known that a solution of the Yang-Baxter equation (138) naturally yields a representation of the braid group B n in low dimensional topology [15] . The braid group B n has generators 
The braid group representation generated by a solution of the Yang-Baxter equation (138) usually takes the form
The Yang-Baxter gates [19, 20] are defined as unitary solutions of the Yang-Baxter equation [16] and satisfy the unitarity condition given by
In low dimensional topology [15] , a solution of the Yang-Baxter equation is denoted as an overcrossing vertex. In quantum information and computation [1] , a two-qubit quantum gate is represented as a box acting with two single-qubit lines. Hence, Figure 11 as the diagrammatical representation of the Yang-Baxter equation (with the two-dimensional identity operator) can be understood both in the viewpoint of low dimensional topology and in the viewpoint of quantum circuit model.
A.4 The Yang-Baxter gate via the Temperley-Lieb algebra
In this subsection, we present a detailed calculation on how to construct a type of the Yang-Baxter gates under the guidance of the state model construction of a type of solutions of the Yang-Baxter equation [15] . We find that the Yang-Baxter gate imposes the strict constraint condition on the loop parameter λ in the Temperley-Lieb algebra (133), whereas there is no such constraint on the loop parameter λ in the state model construction of a type of solutions of the Yang-Baxter equation [15] . In view of the state model in knot theory [15] , we suppose that the Yang-Baxter gate R has the form,
where a and b are non-vanishing complex constants, and T is the type of generator in the construction (134) of the Temperley-Lieb algebra idempotents. Next, we specify the coefficients a and b with the constraints of both the Yang-Baxter equation (138) and the unitary property (141) of quantum gates. Substituting the Yang-Baxter gate (142) into the Yang-Baxter equation (138), after some algebra, we derive an equation of parameters a and b,
Substituting the Yang-Baxter gate (142) into the unitarity condition (141), we have another constraint equations of parameters a and b,
Now, let us take the complex conjugation of the equation (143) and then multiply the resultant equation with the equation (143), we obtain the equation
with the help of the unitarity constraint conditions (144), which can be simplified into the equation
With the above constraint conditions on the coefficients a and b, we assume
with real parameters µ and ν, which give rise to the ratio of a and b,
Thus it is much better directly to consider the equations of the parameter a/b. Reformulate the Yang-Baxter equation constraint condition (143) and the unitarity constraint condition (144) in terms of the parameter a/b respectively, and we have
and
Clearly, there exists a constraint on the loop parameter λ, because the above three equations (148), (149) and (150) have to be consistent with one another. Combine the equation (148) with the equation (150), we have 1 |λ|
which gives the constraint for λ, that is 0 < |λ| ≤ 2. Similarly, with the relations (149) and (151), we have sin
which determines the loop parameter λ as a real number, λ ∈ R, because sin 2 (µ − ν) is a real number. Therefore, we are allowed to choose 0 < λ ≤ 2 for convenience, since only λ 2 appears in the defining algebraic relations of the Temperley-Lieb algebra (133).
Obviously, the Yang-Baxter gate (142) modulo a phase factor is still a unitary solution of both the Yang-Baxter equation (138) and the unitarity constraint equation (141), thus we set the coefficient a as 1 and then multiply the Yang-Baxter gate with the globe phase factor e iµ . Finally, with the coefficients a and b given by
we have the Yang-Baxter gate via the Temperley-Lieb algebra, expressed as
To be clarified again, the range of the loop parameter λ, 0 < λ ≤ 2 6 , is determined by both the Yang-Baxter equation (138) and the unitarity constraint equation (141), so it is independent of the dimension of the chosen Hilbert space V .
A.5 Examples for the Yang-Baxter gate via the Temperley-Lieb algebra
We present typical examples for the Yang-Baxter gate via the Temperley-Lieb algebra, and they are respectively about λ = 2 and λ = √ 2. They are to be exploited in this paper because the dimension of the associated Hilbert space is d = 2, the dimension of a qubit [1, 2] .
A.5.1 Type I Yang-Baxter gate for λ = 2 and its extended Temperley-Lib diagrammatical representation
For the case of λ = 2, we solve the equations (153) and obtain the Yang-Baxter gate as
modulo a global phase factor e iµ , with a parameter τ to be determined, which is called the type I Yang-Baxter gate in this paper. In the literature, see [35] (and its quoted earlier references), a suitable representation for T I in the two-qubit Hilbert space, has the form
where τ is a complex number with norm 1, so the type I Yang-Baxter gate R has the form
The T I matrix (156) can be respectively written as a projector generated by the EPR state (3) with the local action of the single-qubit gate,
with the single-qubit gate L given by
(160) 6 The case for the loop parameter λ = 2 has been discussed in [19] .
where L = 1 1 2 for τ = 1 and L = Z for τ = −1. So the type I Yang-Baxter gate R I (1, τ ) (157) has the extended Temperley-Lieb diagrammatical representation,
and the type I Yang-Baxter gate R I (−1, τ ) (157) has the other extended Temperley-Lieb diagrammatical representation,
In this paper, we only consider the special type I Yang-Baxter gates for the cases τ = ±1, which are denoted by the Yang-Baxter gates R(ij) (71), 
and with the suitable phase factors e iµ , we have two kinds of the type II Yang-Baxter gates,
where µ = π/4 in R II (+) and µ = −π/4 in R II (−).
We exploit the representation of T II in the two-qubit Hilbert space, which is shown in [35] (and its quoted earlier references),
and the associated Yang-Baxter gates R II (+) and R II (−) can have a unified formalism,
with ǫ = ±1. About the application of the type II Yang-Baxter gate R(ǫ, ϕ) to quantum information and computation, interested readers are invited to refer to [21] . The T II (ǫ, ϕ) matrix (167) can be formulated as a sum of two projectors, each of which is generated by the Bell states with the local action of single-qubit gates,
where |ψ ϕ (00) and |ψ ǫ (10) are respectively given by
with the single-qubit gates M and N given by
Consequently, the type II Yang-Baxter gate R(ǫ, ϕ) (168) has the extended Temperley-Lieb configuration,
where the extended Temperley-Lieb configuration (69) of the two-qubit identity gate is exploited. In this paper, we consider the special type II Yang-Baxter gates, denoted by the B(ǫ, η) gate (75), satisfying
which are the Bell transform introduced in [13] , and apply them to the study of teleportation-based quantum computation in Section 5. Note that the same quantum gate allows various of the extended Temperley-Lieb diagrammatical representations, and the reason is that single-qubit gates acting on such the configuration can be chosen in purpose. For example, the extended Temperley-Lieb configuration (80) for the special type II Yang-Baxter gate B(ǫ, η) (75) is essentially equivalent to that one obtained from the extended Temperley-Lieb configuration (172) of the type II Yang-Baxter gate R(ǫ, ϕ) (168) by taking ϕ as 0 or π, but they indeed look different in form.
A.5.3 Type III Yang-Baxter gate: λ = √ 3
For the case of λ = √ 3, we solve the equations (153) and obtain the third type of the Yang-Baxter gate as
modulo a global phase factor e iµ . In the literature [35] , two kinds of the T III matrices have been constructed with the associate dimension of the Hilbert space, d = 3, which are not directly related to the main topic of this paper so are not presented here.
A.6 Remarks on further research
With our research results in this paper, we suggest two interesting configurations for both physicists in quantum information and computation [1] and mathematicians in low dimensional topology [15] : the one is the extended Temperley-Lieb diagrammatical configuration, and the other is the extended braiding configuration (the braiding gate is the Yang-Baxter gate) with the action of quantum gates. Here we propose five open problems for interested readers as follows.
The first problem is how to construct more nontrivial examples for the Yang-Baxter gates via the Temperley-Lieb algebra, besides the above three types of examples: λ = 2 in Subsubsection A.5.1, λ = √ 2 in Subsubsection A.5.2 and λ = √ 3 in Subsubsection A.5.3. The papers in [35] and its quoted earlier references may be helpful for solving this problem in a systematic approach. Note that 0 < λ ≤ 2 is derived in the present paper.
The second problem is to study the algebraic formulation of the extended Temperley-Lieb algebraic approach. The reason for it is that the diagrammatical representation of both quantum teleportation and teleportation-based quantum computation is the extended Temperley-Lieb configuration. Obviously, the Temperley-Lieb algebra (133) is to be a special example of such the algebraic structure, if it exists. Interested readers are invited to refer to [18, 36] for some insights on this problem.
The third problem is how to construct solutions of the Yang-Baxter equation directly in the extended Temperley-Lieb diagrammatical approach. Note that all of our examples for the YangBaxter gates in this paper are constructed using the Temperley-Lieb algebra, although they admit the extended Temperley-Lieb representations. So it is meaningful to study solutions of the YangBaxter equation which are not associated with the Tempereley-Lieb algebra but have the extended Temperley-Lieb diagrammatical representation. For example, we can construct the Yang-Baxter gates using the Birman-Wenzl-Murakami algebra [37] instead of the Temperley-Lieb algebra.
The fourth problem is to study the algebraic structure underlying the braiding configuration with the local actions of single-qubit gates. It is an interesting question, because our results clearly show that this kind of configuration is capable of describing teleportation-based quantum computation. If such the algebraic structure exists, it will be directly related to the algebraic formulation of the extended Temperley-Lieb configuration.
The fifth problem is to study a possibility of constructing a new type of the state model [15] (or a new type of knot invariants) using the extended Temperley-Lieb diagrammatical configuration of the braiding gate (the Yang-Baxter gate). Such the research may bring a new way of thinking about the relationship between topological entanglement and quantum entanglement [22] .
As a conclusion of this section, we want to emphasize the last thing that quantum information and computation indeed offers both mathematicians and mathematical physicists a lot of interesting problems to solve. For example, the above problems are just motivated by our study on both topological and algebraic descriptions of teleportation-based quantum computation.
B The special type I Yang-Baxter gates (71) are permutationlike quantum gates
In this paper, we do not apply the special type I Yang-Baxter gates (71) to teleportation-based quantum computation, and for readers' convenience, a brief study on the algebraic properties of the special type I Yang-Baxter gates (71) is performed in the following.
The special type I Yang-Baxter gate R(ij) (71) has the matrix form R(ij) = 
where the symbol δ denotes the Kronecker delta function, so each R(ij) gate has four nonvanishing matrix entries, for example, the Yang-Baxter gate R(11) is the Permutation gate P (72). With the relation (5) that the four Bell states are transformed to one another by local Pauli gates, the special type I Yang-Baxter gates R(ij) can be rewritten as the Permutation gate P (72) with the local action of Pauli gates,
where the subscripts 1 and 2 denote the qubit sites that the associated Pauli gates are acting on.
Since the entangling power [26] of both the Permutation gate P and local single-qubit gates is zero, then the entangling power of the special type I Yang-Baxter gates R(ij) is zero. In other words, the two-qubit quantum gates R(ij) with the action of arbitrary single-qubit gates can not perform universal quantum computation [1] , which is the key reason that we do not apply the special type I Yang-Baxter gate to teleportation-based quantum computation in this paper. In terms of the special type I Yang-Baxter gate, we define the teleportation swapping operator [18] , denoted by S(ij), S(ij) = R(ij) 23 R(ij) 12 R(ij) 23 
where R(ij) 23 = 1 1 2 ⊗ R(ij) and R(ij) 12 = R(ij) ⊗ 1 1 2 . The teleportation swapping operator S(ij) acting on the product state of arbitrary three qubit states |λ ⊗ |µ ⊗ |ν , gives rise to the result S(ij)(|λ ⊗ |µ ⊗ |ν ) = |ν ⊗ |µ ⊗ |λ ,
where the first qubit |λ and the third qubit |ν have been swapped with each other. 
with the extended Temperley-Lieb diagrammatical representation
in which the CN OT 52 gate has the fifth qubit as the control qubit and the second qubit as the target qubit. In order to construct the |Ψ ↑ CN OT state, we prepare the six-qubit state H 1 H 2 H 3 |Υ 123 |Υ 456 and perform the Bell measurements on its third and fourth qubits, and such the procedure gives rise to the teleportation equation in which we firstly move the single-qubit gate W † ij gate from the fourth qubit to the second qubit and across the CN OT 21 gate via the formula
secondly perform the topological straightening operation to derive the normalization factor 
which is obviously the other equivalent form of the teleportation equation (191) .
E An algebraic method of deriving both the extended TemperleyLieb configuration in Figure 9 and the algebraic expansion (131) of the teleportation operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B)
Let us make an algebraic study of how to derive the extended Temperley-Lieb configuration in Figure 9 , which is originally derived in the diagrammatical approach. First of all, we introduce the algebraic notation for the typical extended Temperley 
which is the algebraic expanded formalism (131) of the teleportation operator (B ⊗ 1 1 2 )(1 1 2 ⊗ B).
